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The phenomenological  basis of the reciprocity principle is described, and the transfer of mass and energy 

in a mult icomponent  medium is examined as an example.  

The l inear law and the Onsager reciproci ty principles are new principles of the thermodynamics of  irreversible 
processes. The l inear  law was examined in [1]. The present paper sets out some considerations related to the Onsager re- 

( iprocity princ iple, 

This principle states that with appropriate choice of  fluxes and forces, the matr ix  of kinetic coefficients ,is sym- 

metric,  i . e . ,  

i i k - - L k i  (i, k =  1, 2. . .  n) (1) 

These equali t ies specify a relat ion between the irreversible processes occurring in nonequil ibrium systems. 

The proof of (1) is based on considerations of s tat is t ical  mechanics,  including the pr inciple  of microscopic rever- 

sibil i ty.  

The appl icat ion of  the method of  s tat is t ical  mechanics to the phenomenologica l  relations is not log ica l ly  necessary, 

since the reciproci ty  principle should be considered to be essentially phenomenological  and should be based on phenom- 
enological  considerations. It is shown below that the reciproci ty  principle is based on the mutual  relat ion between the  

quantities determining compat ib le  irreversible processes. 

To obtain a phenomenological  basis for the reciproci ty  principle,  it is necessary to examine  the transfer of mass 

and energy in a mul t i - component  medium.  

Let us take  a complex  n-component  medium in an unsteady, nonequil ibrium change of state process which is close 

to steady. Let the par t ia l  mass and energy densities of components of the medium have the values Pn, P2~ . . . . .  Pnn and 

sn ,  s22 . . . . .  Snn. These values will  be functions of the space coordinates and of t ime.  

An unsteady, nonequil ibrium change of state process in a n-component  medium is character ized by n basic mass 

transfer vectors for the medium components and n basic energy transfer vectors. 

These basic vectors are given by the expressions 

qMll - -  aMn grad 011, 

%2-" = - -  a~22 grad ,%> 

qMnn =" - -  aMnn grad  9nn ,  

q~,l - -  - -  a~u grad  eu,  

q:,~2 = - -  a~2~ grad  -o, 

q a n n  "-~ - -  a ~ n n  grad -%n" 
Strictly speaking, these expressions are val id  when the mean thicknesses of equi l ibr ium layers of the components 

(mean values of the mass and energy free path of components of the  medium) are equal or at least commensurate .  

Due to interaction,  the basic mass and energy flux of each component  of the medium entrains a finite amount of 
mass and energy from the other components in such a way that  the moving composi te  n-component  medium may be 
represented as consisting of n media ,  each made up of components occurring in defini te  proportions. We shall ca l l  these 

n media  s imple media  components of the composi te  medium.  

The par t ia l  mass and energy densities in the s imple medium of the first component  have values Pn, P2i . . . . .  P r o ,  

and sn ,  s21 . . . .  Snl; in that of the second componen t -p l2 ,  P22 . . . . .  Pn2 and s12, s22 . . . . .  Sn2 , and in that of the nth 

component Pln, Pzn . . . . .  Pnn and ~ln, S2n . . . . .  Snn, 

Let us take the s imple medium of the first component.  The basic mass flux in this medium is 

q~,,t = - -  a , u  grad  911. 

This flux entrains definite amounts of the other components of the medium and creates secondary fluxes given by 

q~21 = - -  a n  921 grad  P11, 
Pll 
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�9 O.1 g r ad  911. qMnl "--=---air - -  
Olx 

o r  

The  to ta l  mass transfer vec tor  in the s imple  m e d i u m  of the  first componen t  wi l l  be 

qm q.,,l " -  q ~ l  + - "  . . .  - ! - q M n  , 

basic flux. The  new basic flux, de te rmined  by the equal i ty  q~,21 = - -  a~l grad  9.n, 

er components ,  for which the  expressions 

�9 Pu g r ad  9.-1, q ~ , , l l  : ' =  - -  a~l - -  

. . . . . . . . . . . . . .  ) 

' Pll - "  P.zl + ..- 4-  p.~ g r a d o  u q . l  --- - -  a n  (2) 
(ql 

This vec tor  may  be ca l cu l a t ed  from the  secondary flux of the  second component ,  t ak ing  this secondary flux as the 
crea tes  secondary fluxes of  the  oth-  

�9 9,-u g r ad  9~t qMnl : - -  a21 
9~r 

wi l l  be val id .  

Therefore ,  
�9 9 1 1  @ ,9"21  - ! -  I 

q~ = - -  a.~ t - g rad  9--,i 
/ 

P"-t 
Ca l cu l a t i ng  q~, from the  flux of the  nth componen t ,  we have  

�9 9n  90-1-~-... p h i  g a-ra '9 , , i .  q~1 . . . .  an I - -  

Let us suppose that  the  par t ia l  mass densities in the  s imple  m e d i u m  of the  first componen t  are related by 

Hence  it  follows that  

which gives 

P2~ = q>,1 (Pl,); . . ."  p~t = q~.l (ply). 

g r a d  9~i = <p'2x g rad  Pn,  
. . . . . . . .  . . )  

. . . . . . . . . . .  ) 

grad  ,%t - '  %~ g rad  pn,  

) 

q , ,  ---- - -  a21 Pu 4 p2~ ~- ... + %, q02t g r a d  Pn 

921 

. . . . . . . . . . . . . .  . . . . . ~  

i 

q,; ----- - -  a~l 9n  + P.~l =- ... + %1 q)~l g r a d  Pn.  

9m 

Compar ing  each  of these  expressions with (2), we obta in  

a l l  - -  a 2 1  f ~ 2 1 ,  

~ n  ?2t 

. . . . . . . . .  ) 

I~i1 anl 
- -  - -  q ) n l .  

,o11 p~l 

(3) 
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These equali t ies also determine the relation between mass transfer coefficients in the s imple medium of the first com-  
ponent. 

Similar equali t ies will  determine the relat ion between mass transfer coefficients in the simple medium of the other 
components. 

Reasoning analogous to the above allows us to write the following expressions for the to ta l  energy transfer vectors 
in the simple medium of the first component; 

q,~ = - -  a~11 el l  4- s21 _L.... _~_ an1 grad  ~n, 

E11 

q :  = - -  a ~ l  ~1l -~- %1 ~- .-. ~ e,1 grad "21, 

q ;  =- - -  a~, l  al l  q- z.~l-!- ... + z , 1  g rad  s,1. 
~nl 

If  we assume that  the par t ia l  energy densities are connected by relations e21 = ~ 1  ($11)' . . . ;  %1 = ~nl (s11), we 
may obtain the following relations between energy transfer coefficients in the s imple medium of tl{e first component:  

a~ll  - -  a~21 -r~ab:!, 

~ii ~21 
�9 . , �9 �9 �9 . . �9 

~311 a~nl 
- ~;~. 

511 ~nl 

(4) 

Similar relations may be written for the s imple medium of the other components.  

Relations (3) and (4) and their  analogs are a ma thema t i ca l  expression of the reciproci ty  pr inciple  in s imple media .  

We shall  ca lcu la te  the to ta l  vector  of the  first component in the composi te  medium,  i. e . ,  in the n simple media  
of the components of the composi te  medium. The flux of the  first component in the s imple medium of this component 
is basic and is given by the expression 

qMll = aMll g rad  P11. 

The basic flux of the second component  in the s imple medium of this same component creates a secondary flux 
of the first component,  given by the expression 

qa112 = - - a 2 ~  P12 grad  P22. 
,022 

For the secondary flux of the first component  in the s imple medium of the n- th  component,  the equal i ty  

'~ g rad  qMln = - -  a n n  - -  Pnn 
P n n  

will  be valid.  

The total  mass transfer vector  of the first component of the composi te  medium is given by 

qrvI1 --- qMll "~ qM12 @ *'" "@ qMlt~' 

or 

q~l = - -  a , a l  grad 921 - -  aM22-Pr2 grad  p2o. - -  ... 
P22 

91,~ grad  Pnn" �9 . .  - -  a M n n  - -  

P n n  

For the to ta l  mass transfer vectors of the other components,  we may  cIear ly  write the equali t ies  

P~l grad  Pal - -  aM~2 grad P22 - -  % 2  - -  - -  a ~ 1 l  - -  ... 
011 

P2n grad  
�9 " - -  a M n n  - -  P n n ,  

P 2 ~  

(5) 

(6) 

(contd) 
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_ _ _  9.2 grad f > ~ . - -  (6) q.~,, = - -  a~u  Pm grad 9 1 1  - -  aMo.~ - - - -  ... 
P n  P2~ (contd) 

. . .  - -  a M n  n grad 9,~. 

Arguments analogous to the foregoing allow us to write the following expressions for the total  energy transfm vec- 

tors of the components of the composite medium: 

Ell g r a d e , , 2 - -  
q , 1  = - -  a ~ 1 1  grad 81~ - -  a~_~ - -  . ... 

822 

. . .  - - a a n  n - -  
eln grad e,~n, 

~? n n 

e j2 grad grad qa2 ~ - -  a ~ 1 1  - -  $ 1 1  - -  a 3 ~ . 2  • 2 2  - -  ' ' .  
811 

82n 
. . .  - -  a ~ n  n - - g r a d  8nn, 

8an 

U) 

enl grad an2 grad eoo - -  ... q~n --~ - - a ~ 1 1 - -  8 1 1 - - a ~ 2  - -- 
811 822 

. . .  - -  a ~ n  n grad 8 n n .  

These considerations may be extended to the process of transfer by the medium of a quantity u. 

Let a composite n-component  medium transfer n quantities: Ull  , U22 . . . . .  Unn. The basic transfer vectors will be 

determined by the expressions: - - a u l  1 grad Ull  , - - aU22  grad u2~ , . . . .  - a u n  n grad Unn, where Ull  , u22 . . . . .  Unn are the 
densities of the quantities transferred by the medium. 

The total transfer vectors of the quantities concerned will be 

q,1 - -  - -  a u l l  grad ~11 ~ au2.9 - -  u~l grad u22 - -  ... 
U22 

. . ,  - -  aun n Uln grad ttnn , 
Unn 

(s)  

llnl Un2 grad 
q n n  : - -  a , n  - -  grad Ulj --- a,2~ - -  u22 - -  

/~11 U22 

- -  a u n  n grad u n ~ ,  

We divide the composite n-component  medium, which is in an unsteady nonequilibrium change of state process~ 

into equilibrium volumes, and examine the movement  o f  the composite medium in one of these volumes~ 

Let us take the i - th  and k-th components of the medium, 

Let these components be transformed from one into the other during the motion of the medium, This transfo_rma 

tion causes specific changes of mass density of both components in their simple media according to the equations 

Opii + Opk,.. _0, 

OPkk _2_ OPik _ _  O. 
' (10) 
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The transformation causes the following specific change of the stereochrone of the medium: 

1 Opt. ~ _!_ 1 Opk i @ I 09~ h + 1 c?pi h (11) 

Pii d r  Pl~i OT 9kk O~C Pil~ O~ 

1 0 Pii 
The volume of the disappearing amount of the i- th component in this simple medium is equal to 

Pit" 0 T 

If this volume is multiplied by the mass density of the k-th component in the simple medium of the i-th component, 
we obtain the specific mass of the k-th component appearing. 

On this basis we may write 

1 0 Pii 0 Phi 
Phi ~ -  

Pii O~ OT 

or 

1 0 Dii ] 0 Pki 
- (z2) 

pii 0 ~ phi 0 z 
From similar reasoning we obtain the equality 

1 09hh _ 1 0 plh (18) 
Phk O T pih 0 T 

Equalities (12) and (13) allow us to write (11) as follows: 

2 0 phi _~. 2 0 Plh , 

phi 0 "C Pik 0 "C 

or, taking (9) and (10) into account, 

_ _ (  2 O pu , 2 O pkk ) 
pki O T -7 pih 0 T 

The transfer vectors of the components of the medium in question are given by the expressions 

plk 
q ~ i  = - -  a... grad Pu - -  aMhh - -  grad phi, (14) 

pkk 

q~,l~ = - -  a~,a p k ~  grad Pii 1 a M ~ ~ grad pkh. 
Pii 

The specific change of the medium stereochrone due to transfer of the components will be 

, 9ik pki grad div a~,. grad Pii --- aM~h - -  grad phh - -  a.ii - -  Pii - -  
P~'i p~@ih PiiPki 

aMkk gradpkk 1 
pkk ) 

o r  

(15) 

- -  2 div ( - a ~ "  - grad pu ~ - a~hh- grad 9hh ) .  
\ Pii pkk 

Since the medium is in the equilibrium state in the equilibrium volume, the total specific change of the medium 
stereochrone will be zero. i. e . ,  

1 O Pil 4 -  1 0 pkk , 

phi 0 T pih 0 

§  a"i~- grad 9~i + --.a~kh- grad 9hh ) = 0. 
Pa phk (16) 

For the equilibrium volume we may write the equation 

aM// grad 9i~ -k aMkk grad 9kk = 0. 
9a pkh 

(17) 
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Using (17), (16) may be written as 

Assuming that the relation Pkk = 

1 0 q~i~ + 1 0 9kk 

9k~ 0 Z p,k 0 

~o(pii) exists, we have 

grad  P~k --=- ~P' g rad  Pu,  

0 pkk , 0 Pii 
- -  - - ( p  - - ~  

0"~ 0;~ 

- -  ~ 0 .  ( i s )  

which allows us to write (17) and (18) in the form 

aMil 

Pii 

I 

pki 

_ _ +  a.k___~k q , = 0 ,  
pkk 

1 
~ + - - q ~ ' =  0. 

Pik 

Determining the value ~o t from the second equation and substituting it in the first, we obtain 

aMii aMk~ 
- -  Pki - -  Pir~ �9 (19) 

p~i pk~ 

This gives the relation between the mass transfer coefficients in the expressions for secondary mass transfer vec-  
tors appearing in the right sides of (14) and (15). 

The equality in question is a mathematical  formulation of the Onsager reciprocity principle. 

The principle may also be established for energy transfer processes in a composite n-component medium. 

The transfer vectors of the i- th and k-th energy components are given by the expressions 

e~k grad  q~i ~--- - -  asil grad gii --a~f~k - -  St~, 
gkk 

Eki q~i - ~ -  - -  a a i i  grad  sii - -  a~k  g rad  Skk. 
gii 

By examining transfer of the given energy components in the same manner as transfer of the i-th and k-th com-  
ponents of the medium analyzed above, we obtain the following form of the reciprocity principle: 

a-~ii a~kk 
- -  ski ~ - -  sik. (20) 

gii 8kk 

Relation (20) was used by the author in [2]. 

In conclusion, we point out once again that the reciprocity principle examined is based on the reciprocal relation 
between the partial mass and energy densities of a moving mult i-component  medium. 
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