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The phenomenological basis of the reciprocity principle is described, and the transfer of mass and energy
in a multicomponent medium is examined as an example,

The linear law and the Onsager reciprocity principles are new principles of the thermodynamics of irreversible
processes, The linear law was examined in [1]. The present paper sets out some considerations related to the Onsager re-
ciprocity principle,

This principle states that with appropriate choice of fluxes and forces, the matrix of kinetic coefficients.is sym-
metric, i.e.,

Lip=1L,; (@, k=1, 2. n) (1)
These equalities specify a relation between the irreversible processes occurring in nonequilibrium systems.
The proof of (1) is based on considerations of statistical mechanics, including the principle of microscopic rever-
sibility.

The application of the method of statistical mechanics to the phenomenological relations is not logically necessary,
since the reciprocity principle should be considered to be essentially phenomenological and should be based on phenom-
enological considerations, It is shown below that the reciprocity principle is based on the mutual relation between the
quantities determining compatible irreversible processes,

To obtain a phenomenological basis for the reciprocity principle, it is necessary to examine the transfer of mass
and energy in a multi-component medium.

Let us take a complex n-component medium in an unsteady, nonequilibrium change of state process which is close
to steady. Let the partial mass and energy densities of components of the medium have the values piy, P22, - - -+ Pnpn and
€11, €99, - .., Epp. These values will be functions of the space coordinates and of time.

An unsteady, nonequilibrium change of state process in a n-component medium is characterized by n basic mass
transfer vectors for the medium components and n basic energy transfer vectors.

These basic vectors are given by the expressions

Guir = — Gux grad f11» Qo == — Oy grad €110
Quos = — Qyp2 818d D2y, Quge = — Qoop gTad &y,
Qunn = ~ Quna grad Prns  Usnn = — Qopn g‘rad €an

Strictly speaking, these expressions are valid when the mean thicknesses of equilibrium layers of the components
(mean values of the mass and energy free path of components of the medium) are equal or at least commensurate.

Due to interaction, the basic mass and energy flux of each component of the medium entrains a finite amount of
mass and energy from the other components in such a way that the moving composite n-component medium may be
represented as consisting of n media, each made up of components occurring in definite proportions. We shall call these
n media simple media components of the composite medium,

The partial mass and energy densities in the simple medium of the first component have values py, Pay, ..., Png
and €yy, €yy, . . . Eny; in that of the second component—pyy, Pz, ..., Png and €p5, €33,..., Eny, and in that of the nth
COmpOnent Pin: Pons-- s PN and Eln’ an, e Bnn-

Let us take the simple medium of the first component, The basic mass flux in this medium is
Quii = — Qyp grad pyy.

This flux entrains definite amounts of the other components of the medium and creates secondary fluxes given by

. P21
Quot = ~— @y —— gradpqy,
fu
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P

o1y

q’Mnl = -—a grad p,,.

The total mass transfer vector in the simple medium of the first component will be
Gui = Quit 5~ Gwt + oo Qun,

or
011 F Oa1 + oo = Pro

‘n

grad oy. (2)

Qui = —Qay

This vector may be calculated from the secondary flux of the second component, taking this secondary flux as the
basic flux, The new basic flux, determined by the equality Qw21 = —ay, grad 0,,, creates secondary fluxes of the oth-
er components, for which the expressions

Oy

Quny == — Aoy grad Qays
1531
)
. 0
Ony
Qun1 = — Qy) grad Doy
D21
will be valid.
Therefore, . . .
’ P11 = P21 T B
Qu — —ay —H - grad 0.
Pay

Calculating q;, from the flux of the nth component, we have

011 77 P2y =im - -7 Pni

grad _"nl~

qQu = —an
Onm

Let us suppose that the partial mass densities in the simple medium of the fitst component are related by
Po1 = Qa1 (Pua); -3 Put = @mi (On1)-

Hence it follows that
grad py; = @ grad py,,

. . P DY .y

*

grad g1 =+ ¢ grad py,
which gives

‘ oi *+ 0oy + o+ P -
Qu= —0y : @21 grad oy,
Gay
. .
‘. o+t .+ 0m -
Qv = —an — @nigradpy;.
Ony
Comparing each of these expressions with (2), we obtain
ay s, -
— = ®a1,
b1 Pa1
, (3)
cy
an Qni :
Pni1.
fu fni
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These equalities also determine the relation between mass transfer coefficients in the simple medium of the first com-
ponent,

Similar equalities will determine the relation between mass transfer coefficients in the simple medium of the other
components,

Reasoning analogous to the above allows us to write the following expressions for the total energy transfer vectors
in the simple medium of the first component:
. R e i -

q,= — grad ey,
11
o en-Fent...+ey -
q, = —ay : ‘ - grad 2y,
€91
.. .
= LS WY ._I_:‘
’ C13 7~ %21 7" ... T Em
q, = — Ay grade,,.
erzl )
If we assume that the partial energy densities are connected by relations eg; = Pay (511): ey =y (En), we

may obtain the following relations between energy transfer coefficients in the simple medium of the first component:

Q11 Gy o

- - 1PQ! ’

S11 €21

. . ,
(4)

aall aanl 7
=

t11 €n1

Sirnilar relations may be written for the simpie medium of the other components,
Relations (3) and (4) and their analogs are a mathematical expression of the reciprocity principle in simple media,

We shall calculate the total vector of the first component in the composite medium, i.e,, in the n simple media
of the components of the composite medium. The flux of the first component in the simple medium of this component
is basic and is given by the expression

Iui1 = &1 grad P11-

The basic flux of the second component in the simple medium of this same component creates a secondary flux
of the first component, given by the expression

ST

w12 = —dag grad pgs.

P22
For the secondary flux of the first component in the simple medium of the n-th component, the equality

b1n

Quin = — Uy, grad Snn

Pan

will be valid,
The total mass transfer vector of the first component of the composite medium is given by

__ . |
Gt = Qa1 T Quiz + .. T Quins

or .
1
Q= — Oy grad P11 — dues P12 grad Pag — ...
Doz
)
1
oo ™ Qo el grad p,,.
Onn

For the total mass transfer vectors of the other components, we may clearly write the equalities

Quo = — Qypy — 2 grad 011~ Qygz grad pgs — ...
P11 (6)
. e Gy 221 grad p,,,, (contd)
27
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On1 On2
Quy = — Qyq1 ——— grad 1y — Qoo — grad pge — ... (6
P11 P2z (contd}

o Qupn grad Pnn.

Arguments analogous to the foregoing allow us to write the following expressions for the total energy transfe:r vec-
tors of the components of the composite medium:

€11

Qo1 = — dyq; grad ey, — Auge gradesy — ...

€92

&1n
— Qupp grad Enns

Snn
€12 d . d
Qo2 == — Qa1 grad ey — Qgop grad egy — ...
€11
Eay {7
o Qo -grad e,
nn
H
9
En1 Ena
qan = - (1311 gl‘ad 811 - a322 grad €:_v_v — e
€n €92

e —Qgpagrade,,.

These considerations may be extended to the process of transfer by the medium of a quantity u.

Let a composite n-component medium transfer n quantities: uy;, Uy, ..., Upp. The basic transfer vectors will be
determined by the expressions: —a,5; grad Uy, —ayee grad U, ..., —ayupp grad upp, where uyy, Ugp, ..., Upp are the
densities of the quantities transferred by the medium.

The total transfer vectors of the quantities concerned will be

u21
Q1 = — @y grad uyy — Q0 grad tyy — ...
Uy
u
1n
ere 7 Oypp grad Unns
nr
e e e e ey, 8
unl

u
grad uy, — a9 —— grad up, —
Un Usz

G = — Qun1

— Qunp grad Uyp-

We divide the composite n-component medium, which is in an unsteady nonequilibrium change of state process,
into equilibrium volumes, and examine the movement of the composite medium in one of these volumes.

Let us take the i-th and k-th components of the medium.

Let these components be transformed from one into the other during the motion of the medium. This transforma-
tion causes specific changes of mass density of both components in their simple media according to the equations

99y 4 9 pps -0,

ot ot 9
00 | Opir
—E e R, \
ot dt (10
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The transformation causes the following specific change of the stereochrone of the medium:

l 09y 1 0P + 1 9 0ps + 1 09»‘

|- €3y
ou 07 o 07 Ok dt b 0T
do,
The volume of the disappearing amount of the i-th component in this simple medium is equal to ~——— —a—p—”— .
Pis T

If this volume is multiplied by the mass density of the k-th component in the simple medium of the i-th component,
we obtain the specific mass of the k-th component appearing,

On this basis we may write

! dp;; 0, = 90y

TRNGE | T 0t

or
1 d Qiz — ] 0 Pri . (12)
oi 07 or; 07
From similar reasoning we obtain the equality
| d 1 Odp;
Pre Pik_ 13
P O7 o Ot
Equalities (12) and (13) allow us to write (11) as follows:
2 Odou 4 2 Odpp
pki 6 T Pik 6 T
or, taking (9) and (10) into account,
_ ( 2 0py , 2 Opw )
ow 0T px O
The transfer vectors of the components of the medium in question are given by the expressions
_ . d . Dik d 14
Qui = — Gy BrAA 0y — G grad P, (14)
Okk
' Oki
Qe = — Qg 0 grad Pit — Cure grad Prke- (19)
i

The specific change of the medium stereochrone due to transfer of the components will be

X Q... i ki
div ( — 2L grad py; — @y —22— grad pp — Qyi; —PE_ grad o —

P OrrDik 010k

a
o Mk k grad Okk )
Dkk

or
. [s 2]
—2div (——‘V‘L gradp;; + %2 grad e ) .
Pii Qke
Since the medium is in the equilibrium state in the equilibrium volume, the total specific change of the medium

stereochrone will be zero, i.e.,

1 dpy - 1 Opm

-
i

ki (9 T Pik 6 T
+ div (fﬂ grad p; -+ L?”kk grad pre ) =0. 16
0is Ok (18)
For the equilibrium volume we may write the equation
Qi a
—_gradp;; + wkk grad pgs = 0. un
Oii Ork
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Using (17), (16) may be written as

1 a(p“- + 1 apkk =0

(18)
o 0T pe Ot
Assuming that the relation py = ¢ (pjj) exists, we have
grad prr = ¢ grad p;; ,
Opre ¢ 0oy
0t ot
which allows us to write (17) and (18) in the form
Qi + Byt ¢ =0,
Pii Prr
1 1,
-+ ¢ =0
Ok Pik
Determining the value ¢’ from the second equation and substituting it in the first, we obtain
Qi Qukk
" Op = ik - 19)
Pu Prk

This gives the relation between the mass transfer coefficients in the expressions for secondary mass transfer vec-
tors appearing in the right sides of (14) and (15).

The equality in question is a mathematical formulation of the Onsager reciprocity principle,
The principle may also be established for energy transfer processes in a composite n-component medium.

The transfer vectors of the i-th and k-th energy components are given by the expressions

€ir

Qo = — Qy; grad e; —a,p, grad g,

€t
€ri
Ei

Qo = — Qi grad g; — Qs grad ey,

By examining transfer of the given energy components in the same manner as transfer of the i-th and k-th com-
ponents of the medium analyzed above, we obtain the following form of the reciprocity principle:

Qs Qskp
2 i . (20)
Ei Ekk

Relation (20) was used by the author in [2].

In conclusion, we point out once again that the reciprocity principle examined is based on the reciprocal relation
between the partial mass and energy densities of a moving multi-component medium,
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